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ABSTRACT

Let X be a Banach space with a sequence of linear, bounded finite rank
operators Rp: X — X such that RpRm = Rpin(n,m) if » # m and
limp—oo Rnx = z for all z € X. We prove that, if R, — R,—1 factors
uniformly through some I, and satisfies a certain additional symmetry
condition, then X has an unconditional basis. As an application we study
conditions on A C Z such that Ly = closed span {2* : k € A} C Li(T),
where T = {z € C : |z| = 1}, has an unconditional basis. Examples
include the Hardy space H; = LZ+.

1. Introduction

Let X be a given separable Banach space (real or complex). We study an ab-
stract condition on X which ensures that X has an unconditional basis without
constructing an explicit one. Then we apply our results to spaces of the form

L = closed span{z* : k € A} C Li(T)

for special subsets A C Z where T = {z € C: |z| = 1}. In particular we want to
find out what abstract condition on H; = Lz is responsible for the existence
of an unconditional basis in H;.

Fix some p with 1 < p < co. We say that a sequence of linear operators
Un: X = X factors uniformly through [, if there are linear operators T,,: X — [,
and Sp:lp = X with U, = ST, and sup,, || Ty - ||Sx|| < oo.

It is clear that we can replace I, by any Lp-space or by [, for some my, in
the preceding condition.
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If, in addition, all operators U,, are projections then it is easily seen that U, X
is uniformly isomorphic to (T7,Sn)?l, and (T,,S,)%: I, = I, is a projection.

If Up, —Up—1, instead of Uy, factors uniformly through I, then so does Uy, 4 —
U, for any fixed k. (This follows from U,y — Uy, = Z?zl(Un+j —Uptj-1)-)

A sequence of bounded linear operators R,: X — X of finite rank is called a
commuting approximating sequence (c.a.s.) if lim, oo Rpz = x forall x € X
and R, Ry = Rpjin(n,m) Whenever n # m. If there exists such a sequence then
X is said to have the commuting bounded approximation property (CBAP).

If there is a c.a.s. {R,}52, consisting of projections, i.e. where in addition
R,R, = R, for all n, then X is said to have a finite dimensional Schauder
decomposition (FDD). It is well-known that there are Banach spaces with CBAP
which do not have FDD ([10], see also [12]).

On the other hand, if X has a c.a.s. {R,}32; such that the operators R,, —
R, factor uniformly through some [, then X has a basis, i.e. a special c.a.s.
{P,}52, consisting of projections where, in addition, dim (P, — P,_1)X =1
for all n ([8]). (In the following always put Ro = R_1 =--- = 0.)

Our aim is to derive a similar result for unconditional bases. Recall that X
is said to have an unconditional basis if it has a c.a.s. {P,}32, consisting of
projections such that dim(P, — P,_1)X =1 for all n and

sup || Zﬂn(Pn —Pp)z|| < o0 forall z € X.
bne{£1}
THEOREM I: Let X have a c.a.s. {R,}52, satisfying the following:
(1.1) R, — Ry—1 factors uniformly through I, for some p € [1, 0],
(1.2) there is A > 0 such that, for any linear U,: X — X with ||U,|| < 1 and
any sequence of indices {k,}%, with k, # ky ifn #n', we have

< Az|| forallz e X.

Z(Rk" - Rkn—l)Un(Rn - Rn_1).’1,'
n

Then X has an unconditional basis.

We postpone the proof of Theorem I to sections 2 and 3. Here we discuss
some applications of Theorem I (with p = 1) centered around the classical Hardy
space Hy = Lz,.

Consider a sequence of integers ny and real numbers a > 0, b > 0 such that

(1.3) np=0<m <ng<--+- and ang <nge1 —ng <bng forall £.

(The prototype for such a sequence is ny = 2¥.) Then we prove in section 4
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THEOREM II: Consider A C Z, such that there are q,my j,7s; € Z4, § =
1,...,¢, k=1,2,..., with

q
(1.4) AN [nk,nk+2 U me + 7 J yn [nk, ng+o] for all k.

Then L, has an unconditional basis.

Remarks: Note that two consecutive intervals [ng,ng+2] and [ngy1, ngts]
always overlap. It is easy to construct non-trivial examples of A satisfying
(1.4). If we take ¢ = my ; = 1 and r ; = 0 then we obtain the well-known

COROLLARY ([9, 2, 13]): H; has an unconditional basis.

2. Proof of Theorem I if sup,, dim(R, — R,_1)X = o
We start with

2.1. LEMMA: Let X have a c.a.s. {R,}52,. Then (1.2) is equivalent to the

following condition.

(2.1) There is X\ > 0 such that, for any sequence of indices k,, with k,, # kn: If
n # n' and any linear U,: X — (Ry, — Rg, —1)X with ||U,|| < 1, we have

> Un(Rn— Ro1)z|| < Allzll, ze€X.
n

Proof: Of course, by definition, (2.1) implies (1.2). Now assume (1.2) and
consider U,: X — (Rg, — Ri, —1)X. Put

Uz =Y (Ri, — Rip—1)Un(Ry — Rnoi)z,

n

Vz=> (Rk,—1 — Ri,—2)Un(Rn — Rn1)z  and

n

Wz = (R, 11 — R, )Un(Rn — Rn1)2,z € X.

(3

Then (1.2) implies |U]], ||V, [W]| € A. We have

> Un(Rn = Ru-t)o=(U+V+W)z, z€X.

This proves (2.1). |
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Now we consider a c.a.s. {R,}52; of X such that sup, dim(R,, — R,—1)}X =
oo and there are linear T,: X — [, Sp: [, = X for some p € [1,00] with
SnTn = Rp — Ry and sup,, ||Ty]| - ||Snll < 0o. We always assume

(2.2) either p=2 or supd(T,X,I$™T%) =0
n

where d(-,-) is the Banach-Mazur distance. This is no restriction. Indeed, if
sup,, d(T, X,18™T»X) < 00 then we just replace p by 2.

Moreover, we assume (1.2). Notice that (1.2) remains true if we replace
{R,}32, by an arbitrary subsequence {R,, }32 ;.

At first we mention

2.2. LEMMA: There is a subsequence {R,, }%2, of {R,}5%, satisfying the
following:

(i) Rn, — Rn,_, factors uniformly through l,, too.
(ii) For each positive integer n there is an index k, a subspace E, C
(Rn, — Rn,_,)X and a projection Q,: X = E,, such that

supd(En,ly) < oo, sup||@Qxll < oo
n n

and

- _]@n 32k
@nftn, = Bn, Qr = {0, Jj<k.
Proof: (8], Lemma 2.3. |

In the following we assume without loss of generality that R,, = R; for all
j- Then, in particular, for every n there is an index k, such that [} = E,, C
(Rkn - Rkn—l)X and

—po = @n T2k,

Put
Y = closed span {(R1z,(R2 — Ry)z,(Rs — R)z,...) : 7 € U2, Fix R, }

regarded as subspace of (3, ®(R, — Rn—1)X)(y). Then we easily obtain, using
(2.2),

2.3. LEMMA: Y is isomorphic to lp, if 1 < p < o0, and to cp, if p = co.

Proof: (8], Lemma 2.1. 1
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From now on we take T,,: X — Y with

Thx = ((Rk - Rk——l)(Rn+1 - Rn—2)x)i°° 1

and S,,: Y —» X with
Sn((R].V - Rk_l)ili)zozl = (Rn - Rn_l)l‘.

We easily obtain S, T, = R, — R,_1. (Recall that (Rx — Ry—1)(Rn+1 — Rn—2) =
0,ifk<n-2and £ >n+2, and (Rn - Rn—l)(Rn+1 - Rn_g) =R, — Rn—l-)
We have

T.Rn=0, R,S,=0, ifm<n-2,

(2.4) .
and T,R, =T, RnS,=S5, ifm>n+1.

Moreover, we define R,: Y — Y by

Ru((Ri: = Rie1)2)2y = (R — Ric1) Ru2)i2y.

Then {R,}%, is a c.a.s. of Y with

(2.5) S,R, = RnSn, TwR,=R,T, and (id— R,)T,S, = R,(id — R,).
We fix a subspace F,, C Y with
(2.6) sup d(F,, 3™ F) < 00, T,X CF, and R,Y CF,.

n

Conclusion of the proof of Theorem I if sup, dim(R, — R,—1)X = oo: Our
strategy is to split X into X =Y, @) ®F,, where Y; and the spaces E, are
invariant for the operators R,,. This allows us to alter R,, and to produce FDD-
projections P, which still satisfy (1.1) and (1.2). After another modification
the summands (P, — P,1)X are uniformly isomorphic to Ly -spaces which,
together with (1.2), yield an unconditional basis. Parallel to R,, on X we study
R,onY ~ {p which behaves “locally like X”.

We assume (1.1), (1.2), (2.4)-(2.6). Moreover, using Lemma 2.2, for each
n we find an index k,, a subspace E, C (Rg, — Ri,—1)X and a projection
Qn: X = E,suchthat ky < ky < -+, sup,, ||@n]] < oo, sup,, d(E,, F,) < oo and
(2.3) is satisfied. Let I,,: E, — F;, be isomorphisms with sup,, |[I,[|[I; ]l < oo.
Put

(2.7) Qz = (Rk, — R, 1)Qn(Ri, = R, 1)z = Y _ Qnz,

n
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z € X. According to (2.3), in view of (1.2), @ is a bounded projection from X
onto Y3 := closed span(|J,>, E,). Put Y1 = (id — Q)X. Hence X = Y| @ Y.
(2.3) implies

(2.8) R.Q=QR, and @R,(id—R,)=0 forallm

and the operators Ryly, are the FDD-projections of Yo = > &®E,, (where
some R,, for different n, might coincide on Y3). In particular, ¥; and Ys are
invariant under all R,,. Moreover, (2.3) and (2.7) also yield R,(id — R,)Q =
QR,(id — R,) = 0. Using the definitions of T, and S,, and (2.8) we obtain

(2.9) Ty(id - Rn)(id — Q)Sn = Rulid — Rx).
We have X =Y, @ ), ®En,. Define

P10y ®E, Y10 &E,
m m

by

Pr(y, (ex)) = (Ray + (id — Q)Snlnen, (e1,- -, en—1,

(2.10) P . .
I.°T,(id— Ry)y+ I, (id — Ry)I,e,,0,0,...)).

(2.8) shows that the definition makes sense. We easily infer
PPy = Pmin(m,n) if |n - ml >3

(see (2.3) and (2.4)).
As a consequence of (2.5), (2.8) and (2.9) we also obtain P2 = P,. (Recall
that (id — Q)y =y if y € Y1.) (2.10) implies

(2.11)  (Py— Pu1)(y, (ex)) =
((Rn - Rn~1)y + (id - Q)(Snlnen - Sn—IIn—len—1)7 (0’ T ’O’
N’

n—2
€n-1— Ig,ll(ld - Rn-—l)In—len—l - I;_llTn—l(id - Rn—l)y,
I7 T, (id = Ry)y + I (id — Ro)Inen,0,0,...)).

Next we claim that P, — P,,_; factors uniformly through l,. To this end put
Y =F, 1®&F,®F,_1®F,. Then d(f’, I7), where m = dim Y, does not depend
onn. DefineTp: X =Y, & Yom ®En = Y by

To(y, (er)) = (Tn19, Ty, In—1€n—1, Inen)
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andS‘n:ff—>X=Y1€BZm@Em by

Sn(a,b,c,d) =((id — Q)Snb + (id ~ Q)(Snd — Sn—1c), (0, ...,0,
-2
wlie— L2 (id = Roy)e — I, (id = Ro-a)a,
I7Y(id — Ry)b+ I7'(id — R,)d,0,0,. . .)).

Then, in view of (2.11), we have 5,7, = P, — P,_; and sup,, ||Tn|| - ||S.]| <
oo. Thus, P, — P,—; and hence also P, — F,,—3 factors uniformly through 7.
Since the operators Ps, — Ps,-3 are projections, the spaces (P, — P3,_3)X
are uniformly isomorphic to uniformly complemented subspaces of {,. (2.11)
implies, together with (2.3), (2.4), (2.7) and (2.8), that

P, — Py = (id = Q)(Rn — Ry_1) + (id — Q)SnInQn(Rk, — R, —1)
—(id - Q)Sp-1In-1Qn-1(Ri,_, — Rin_,—1) + Qn-1(Rk,_, — Rk,_,-1)
I} (id— Ry )ln1Qu—1(Ry,_, — Reo_,-1)
~ 174 Toi(id = Ruet)Q(Rnga ~ Rns) + I; ' Th(id = R)Q(Rotz — Ra—s)
+1,'(id = Rp)I,Qn(Ri, — Ry, —1)-

The definitions of S,,, Ty, In, Qn, F, and (2.8) show that all preceding eight
summands map into spaces of the form (R,, — Ry,—1)X for some m. This proves
that (2.1) remains true if we replace R, by P,. Using Lemma, 2.1, we see that
{(1.2) is also true for P, and hence for P, instead of R,. In particular, the
spaces A, := (P3p, — P3p—3)X are the summands of an unconditional FDD of
X. (Here take in (1.2) the operators with Uyz = 8xx, z € X, for arbitrarily
fixed 95, € {£1}.)

Finally, we cut the summands 4,, into two subsummands and merge them
into new summands. We proceed as follows. Recall, all A,, are uniformly com-
plemented in /,. We split the spaces 4; into uniformly complemented subspaces
Ay = By, & C), and define indices 0 = jo < 73 < jo < --- such that Ay = Cj and
By = {0} if k & {j1,J2,.. .}

We use induction to define the special indices j,. Start with jo = 0. Then
assume that we have already jo < ji < --- < jn1 with 4;, = B;, & Cj,,
k=1,...,n—1. Consider 4,. A, is uniformly complemented in an l£4 -space
G,,. There are two cases.

Case n & {j1,...,jn-1}. Using Lemma 2.2 with P, instead of R, we find
Jn > max(jn—1,n) such that A; contains a uniformly complemented copy of
G,.. Hence we can split A;, = B; & Cj, such that, with D,, = A, & B;_, the

Banach-Mazur distance d(D,, l;,n), where m = dim D,,, does not depend on n.



246 W. LUSKY Isr. J. Math.

Casen € {j1,-..,Jn—1}. Here we have already A, = B, ® C,,. Find similarly
Jn > jn—1 and a decomposition 4;, = B;, ®Cj;, such that, for D, = C, @ B;,,
the Banach-Mazur distance d(D,, p) with k£ = dim D,,, does not depend on n.

Using this procedure we find an FDD, X =} @Dy, with sup,, d(Dy, 1) <
oo for ¢, = dim D,, where all D,, are uniformly complemented subspaces of
A, ® Aj,. Recall, (Ps,) (in place of (R,)) satisfies (1.2) and we have 4, =
(P3n — P3n—3)X. Since P3, — P3,_3 are projections, we conclude that there is
a constant T > 0 satisfying the following.

For every choice of indices l,, with I, # L, if n # n’ and every linear U,,: D,, —
D, with ||U,]| < 1 we have |U|| < 7, where U Y di, = >, Uds.

Now, let {e;n}j~; be the unit vector basis of the lq" -spaces D,. Fix 0, , €
{£1} arbltrarlly and put U, lel Qi n€in = lel alyn&,nel,n for all coefficients
@ n. Then we obtain ||U|| < 7sup, ||Uy]| for the operator U: X — X with
Ue;n, = 6; nein for all s and n. Hence {em}g;f‘;:l is an unconditional basis of
X. |

3. Proof of Theorem I if sup, dim(R, — R,—1)X < o0
Find uniformly bounded projections @,: X — R,(id — R,;)X. Put

Pn = Rn + Qn(Rn+1 - Rn)

Then we have P, P, = Prjin(n,m) Whenever |n —m| > 2 or n = m. (Notice that
Qn(Rn—H - Rn)Rn = Qn(Rn - Rz;,) = Rn - R%, Rn-}—lQn = Qna QanQn =
R.Qn and R,Q, = 0if m < n.) Hence {P2,}52, are FDD-projections. We
obtain

Pn_Pn—2 - (Rn_Rn—1)+(Rn—1 "Rn—2)+Qn(Rn+1 _Rn)_Qn—2 (Rn—l ”Rn-2)~

This implies that (2.1) and hence, in view of Lemma 2.1, (1.2) remains true if
we replace R, by Pa,. Moreover, we have N := sup, dim(P, — P,_3)X < o0.
Find bases {x; o}, of (Py, — Pan—2)X, where ky, = dim(Pyp, — Pan—2)X < N,
with uniformly bounded basis constants. As before, fix arbitrary 6;, € {£1}.
Then, in view of (1.2), the operators U: X — X with Uz; , = 0; n2; for all ¢
and n are uniformly bounded. Hence {z; n}
X. |

i~ m=1 is an unconditional basis of



Vol. 143, 2004 ON BANACH SPACES WITH UNCONDITIONAL BASES 247

4. Proof of Theorem II

Here, let || - ||; be the norm in L;(T) and || - ||oo the norm in Ly (T). Consider
a sequence of indices ny, satisfying (1.3). Put

Rk<2ajzj> = Z ajzj+ Z Majzj.
J

; X Mgyl — N
l7]<nr iy <|j| <nrr +

Then Ry is well-defined on L, (T) and on L (T). It is well-known (see e.g. [8])

that
Ng+1 + Nk

I|Ri]l <
Ng1 — N

in either norm. Hence, in view of (1.3), ||Rk|l < 1+ 2/a. This means the
operators Ry, are uniformly bounded on L,(T) as well as on Lo, (T). Moreover,
for any A C Z, Ly is invariant under the operators Ry. We clearly obtain that
{Rx}2, is a c.a.s. on all L-spaces.

Put R(Y; a;27) = 3..50a;%7. R is well-defined on all trigonometric poly-
nomials. [8] Lemma 4.1. and (1.3) imply

4.1. LEMMA: The operators R(R, — R,_1) are uniformly bounded on Lo (T)
as well as on L1(T).

Now we concentrate on H; = Lz . We make use of

4.2. THEOREM (Stein, [11, 4]): Let u, be complex numbers satisfying
sup max(|pa, nlpn — pin-1) < oo.
n

Then the operator V: Hy — H, with
VO oka®) = arms®
k>0 k>0
is bounded.
With (1.3) the preceding theorem implies that, for any choice of 8, € {£1},

the operator Vy with Vo f =3, 0, (Ry — Ry—1)f, f € Ha, is bounded. (Split Vjp
into two convolution operators where the numbers p; have the form

N1 —J . .
fp—F1 2 I ng <7 < Mgy,
k41 — Mg
| — Np . )
R T < <y,
g —Ng—1

and use (1.3).) With the uniform boundedness principle and the Khintchine
inequality we obtain
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4.3. COROLLARY: There are constants ¢; > 0 and ¢; > 0 such that every
f € H, satisfies

allfil < II\[Z (R — R—1) F12Ih < 2l flls-
k

If m,n € Z,, f and g are trigonometric polynomials of degree m and n, resp.,
and € > 0, then we easily find N = N(m,n, ¢) € Z, such that

1 1
(1= llf +2Vgll < SIIf + Vgl + 3l1f = 2Vglls < (1 +IIf + 2V glh
and
(1= llf +2Vglloo < N1flleo + llglloo < (A +)IIF + 2" glloo-

Using the Khintchine inequality and induction we obtain

4.4. LEMMA: Letk, € Z.,n=1,2,..., be arbitrary. Then there are universal
constants ¢; > 0 and c2 > 0 such that, whenever m,, € Z are large enough
and f, are trigonometric polynomials of degree < k,,, we have

all Y 2™ fullt < I Do 1falPlh < call Y 2™ fulls
n n n

and

all 32 falloo <3 falleo < 2ll D 2™ falloo-
n n n

Now we prove

4.5. LEMMA: There is a universal constant pu > 0 satisfying the following.
Whenever k, are indices with ky, # ky for n # n' then there are m; < my
< --- such that

Z(Rkn - Ry, 1)2™ f

n

< pllflly forall feH.
1

Proof: (1.3) implies that sup,(n;+1 —n;) = co. Hence, for each j, we find
p;j € Z4 and m; € Z such that

Np, <My +Ng—g <My + N2 < Npj1.
The definition of the R}, implies

(4.1) (Rkj - Rk]._l)sz (Rpj-}-l - Rpj—l) = (Rk]. - Rkj_l)sz.
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Let r;: [0,27] — {£1} be the jth Rademacher function. Put

Usf =) ri(0)z™ (Rp41 — Rp—1)f
l

and

V0f = er(e)(Rkj - Rkj——l)fv
J

f a polynomial. Then, in view of Theorem 4.2 and the uniform boundedness
principle, there is a constant 7 > 0 independent of p;, k; and 6 such that
Vall < .

Furthermore, put W f = 3_.(Rx; — Ri,-1)2™ f. Then we obtain, using (4.1),
the Khintchine inequality and Corollary 4.3,

1WAl = 1| [ Vel
< [ WU flaas
< [ Uelnds
< ru\/; (Bt = Bpu) I

< pllflh

for some universal constant p. |
4.6. LEMMA: The R,, regarded as operators on Hy, satisfy (1.2).

Proof: Let ¢; > 0 and ¢3 > 0 be the constants of Lemma 4.4. Fix indices &,
with ky, # ky if n #n' and fix m,, € Z, so large that

(4.2) all sz"fnﬂoo < Z 1falloo < c2l| sz"fn”oo

for all trigonometric polynomials f, € (Ry, — Ry, —1)L1(T) and that the asser-
tion of Lemma 4.5 holds.

Fix linear U,: H; — H; with ||Uy,]| < 1. Define V,: L{(T) — L:(T) and
@Qn: Li(T) = Li(T) by

Vaf = 2™ Un(Ry — Ra1)Rf and  Quf = (Rk, — Ri,—1)7™ f.
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Hence Q,V,, = (Ry,, — Ri, —1)Un(Ry, — Rn—1)R. Clearly, the operators V,, and
(), are uniformly bounded by Lemma 4.1. Now, we consider

Q= 2" (Rg, — Ry, —1): Loo(T) = C(T)

and V;. (4.2) implies || T, V; Q3 flle < call 5, @4/l for amy f € Loo(T).

Define W: closed span(lJ,, @5 Loo(T)) = Loo(T) by WY, frn =3, Vi fn for
fn € Q*Loo(T). Then we obtain ||W]|| < c. Using (4.2) and the (Le-valued)
Hahn-Banach theorem we can extend W to a linear operator W: Lo (T) —
Loo(T) with ||W|| < c2. By definition we have WQ;: = V*Q7.. Regard L;(T) as
subspace of L}*(T). Then we obtain @.W*|;,(r) = @nVy. Lemma 4.5 implies
1>, QW™ flli < copl|fll; for any f € Hy. Put A = czp. Finally, we have, for
f € Hi,

> QW f = ZQnan

= Z — Ri-1)Un(Rn — Ro-)f- N

Conclusion of the proof of Theorem II: We take the preceding operators Ry
restricted to X = L. Put A = U 1 (mi ;2 + 1y, ;) and let Pi: Li(T) — Ly,

be the projection with
Pk(z a;z27) = Z a;z.
JEL JEAK
These projections are uniformly bounded ([8], Lemma 4.2).

Now, define T,,: X — Li(T) by T,, = idx and S,: Li(T) - X by S
P,R(R, — R,,_1), which makes sense according to (1.4). Hence S, and T, are
uniformly bounded (see Lemma 4.1) and we have S, T}, = (R, — Rn—1)|x. This
proves (1.1).

Finally, let U,: X — X be linear operators with ||U,|| < 1 and fix indices &,
such that k, # kn if n #n'. Then U, o P,|g, is an operator from H, into Hi.
We have

(Ri — Ri_1)X C closed span{z? : j € [ng_1,m%41] N A}.
This implies
S (Ri, = Riy-1)Un(Bn = Ro1)z = Y (Ri, ~ Riy1)UnPa(Rn = Rui)e

n n

for all z € X. Now, Lemma 4.6 shows that (1.2) holds for X and R,|X. Thus
Theorem I proves Theorem II. |
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